Safarevic's Theorem on Solvable Groups 

as Galois Groups 

by Alexander Schmidt and Kay Wingberg 

The aim of this article is to give a complete proof of the following famous 
theorem of /. R. Safarevic: 

Theorem 1 Let k he a global field and let G he a finite solvable group. Then 
there exists a finite Galois extension K\k with Galois group G(K\k) = G. 

Safarevic proved this result in 1954. The intricate proof uses arguments which 
are spread over several papers and unfortunately, it contains a mistake relative 
to the prime 2. 1 

In the course of the years, several mathematicians tried to simplify this highly 
complicated proof using the new development in number theory since then. Nev- 
ertheless, so far no complete proof has been published. 

In the following we want to present an up to date proof of theorem 1 which also 
corrects the mistake in the original article. Of course, we will use the original ideas 
of Safarevic, in particular the remarkable technique of shrinking obstructions, 
which is highly instructive. The authors do not know any other argument in 
number theory, which utilizes a similar technique. 

1. Introduction 

The first attempt to prove a statement like theorem 1 was made in 1936 
independently by A. Scholz and H. Reichardt, see [10]. Their approach applies 
only to groups of order prime to the order of the group of roots of unity 

contained in the global field k. In particular, it can be used to prove that every 
(solvable) group of odd order is a Galois group over Q. The reader can find a 
proof of this statement for nilpotent groups in the spirit of Scholz and Reichardt 
in Serre's book [16]. 

As shown by J. Neukirch, the method of Scholz and Reichardt can even be 
strengthened in order to construct global solvable extensions which realize finitely 
many given local extensions: 

1 Safarevic in his collected papers explains shortly how to correct this and we will follow his 
suggestion here. 
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Theorem (Neukirch [7]) Let k be an algebraic number field and let S be a 
finite set of primes of k. Let G be a pro-solvable group of finite exponent prime 
to ^fi(k) and for p e S let A" p |£;p be Galois extensions whose Galois groups 
G(Kp\kp) are embedable into G. Then there exists a Galois extension K\k with 
Galois group isomorphic to G, which for the primes p e S has the given extensions 
Kp\kp as completions. 

The same problem for groups of arbitrary order remains unsolved, we have 
only the weaker result of Safarevic which uses an entire different technique. 

Let us shortly explain the ideas behind both approaches, the Safarevic and 
the Scholz-Reichardt method. By definition, a solvable group is built up by suc- 
cessive extensions of abelian groups. Constructing the required global extension 
inductively step by step in an abelian way, the first step is given by the theorem 
of Grunwald-Wang. In the second, and every further step, we have to solve em- 
bedding problems with abelian kernel. These are not always solvable, in fact we 
can reach a dead lock very soon as the following example might indicate (for a 
proof see [16], Thm. 1.2.4): 

Suppose that k is a field of characteristic p ^ 2. Then the quadratic extension 
k(y /r a)\k can be embedded into a cyclic extension of degree 4 if and only if a is a 
sum of two squares in k. 

The above example shows that, although we did not put local conditions, there 
might be a global arithmetic obstruction to the existence of a solution of our 
embedding problem. Therefore it is not very promising to solve the embedding 
problems of every induction step separately. Exactly at this point the methods 
of Scholz-Reichardt and of Safarevic differ. 

In the Scholz-Reichardt approach (which is not always applicable, see above) 
one chooses the solutions of the inductively given embedding problems in a very 
special way, in order to avoid dead locks. Moreover, as Neukirch has shown, one 
can choose the inductive solutions in such a way, that they satisfy given local 
conditions at finitely many places. 

Safarevic uses the same special kind of solutions of the inductively given 
embedding problems ("Scholz solutions"), but in the general situation one can 
run into a dead lock. The key idea of Safarevic's approach is to modify the 
already found solutions of the first i — 1 induction steps, in order to leave a dead 
lock within the i-th step. This happens in a rather complicated way within a 
shrinking procedure. This method works without restrictive assumptions on the 
group, but unfortunately it seems to be impossible, to let given local conditions 
be untouched within the shrinking procedure. Therefore, as the best result of 
Safarevic's approach, one can say that every solvable group occurs as a Galois 
group over k such that the associated local extensions are of a very special type. 
But we cannot realize given local conditions. 
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Let us give an outline of our proof of theorem 1 which follows Safarevic's 
method: 

A first reduction reduces the problem to the solution of split embedding prob- 
lems with nilpotent kernel. At this point we prove a little bit more than required, 
namely that a so-called "Scholz-solution" exists, satisfying additional local con- 
ditions. (This turns out to be necessary within an induction process.) Let us 
consider the split embedding problem of finite groups with a p-group N as kernel 

Gk 

1 — > N — > E G > 1. 

In order to solve these split embedding problems it suffices to consider the generic 
kernel, i.e. N = T{n) / !F{n)^ where F{n) is a free pro-p-G operator group of 
rank n and T{nf- V ^ denotes the z/-th term of a filtration of T{n) which we will 
define below and which refines the descending p-central series. 2 

We proceed by induction on v whereas n is arbitrary. The case v = 1 is 
trivial. The problems which have to be solved within every induction step are of 
the form 

Gk 

1 ^jr( n )H/jr( n )(-+i) _^jr( n )/jr( n )(-+i) xG^f(n)/f(n)M xG->l. 

This induction step is proved in four substeps: In the first step one shows 
that this problem is locally solvable everywhere, i.e. for every prime p of k the 
induced local problem 




1 — ► T{np /T{n)^ — ► E p — ► (T{n)lT{np xG) f ^l 

has a solution. This can be done, if the old solution N™\k with G(N™\k) = 
G is locally of certain type. 

In the second step one uses the local-global principle in order to show that a 
global solution exists. 

In step three and four we modify the global solution, in order to get a proper 
Scholz-solution, such that the new local problems for the next induction step 
v + 1 will be solvable. 

2 This refinement, which was proposed by Safarevic in his correction note, is necessary in 
order to deal with the case p = 2. 
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Within the induction steps, obstructions to the existence of solutions of the 
given embedding problems occur. These obstructions really exist and are non- 
trivial. Safarevic's idea how to overcome this problem is the following: 

We revise the solution found in the (y — l)-th induction step. Instead we 
use the (y — l)-th induction step not for n but for a very large m > n. The 
solution of that problem (which exists by the induction hypothesis) induces a new 
solution for our starting problem via any surjective G-invariant homomorphism 
ip : T(m) -» T(n). The shrinking lemma, which we will explain in a moment, 
tells us that for large enough m, we can find ip in such a way, that all obstructions 
for the embedding problem in the u-th induction step for T(n) vanish. In this 
way one proves the induction step from v — 1 to v and for every n. Having the 
result for all n, we can use the shrinking procedure in the next induction step 
again. 

2. The shrinking procedure 

The next proposition is the pure technical skeleton of the shrinking lemma. 
A similar statement is already contained in the original paper [14]. 

Proposition 2 Let G he a finite group. Suppose that M and N are finitely 
generated JF P [G] -modules and let s, t e IN. Then for large enough 3 r e IN the 
following holds: 

For given elements 

z 1} ... } z t e(($Mf s ®N 

r 

there exist a = (a ? ) ?= i v .. 5r e W r p7 such that 

r 

<f a : M — » M, (x;)i=i,...,r 1 — y J2 aiXl 

r 8 = 1 

is a surjective W p [G]-homomorphism (i.e. not all d{ are zero) and such that the 
induced homomorphism 

1 J; a = fa®*) <g) id : (0M) 0s ®iV — >M® s (g)N 

r 

maps all Zi, i = 1, . . . , t, to zero. 

Proof: 4 Let r be arbitrary. Then (f a is IFpfGJ-invariant and surjective if a ^ 0. 
Let n = t dimF p (M® s ® N) and suppose that r > sn. Consider the set 

V = {a eW r p \Mzi) = ■ ■ ■ = Mzt) = 0} . 

3 i.e. for all r > ro 

4 This proof is based on an idea of J.Sonn. We also want to thank A. Deitmar. 
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Then V is the set of common zeroes of n polynomials of degree s. It contains 
the trivial element and by the theorem of Chevalley- Warning (see [15] Chap. 1, §2, 
Thm. 3)) it follows that it also must contain a non-trivial point a. Then (f a has 
all desired properties. □ 

Let us recall some nitrations: 

Definition 3 Let P he a pro-p-group. Then the descending p-central series of 
P is the filtration {P l }i>\ recurrently defined hy 

P = P\ P i+1 = (p l y[p\ P], 
and the descending central series {Pi}i>\ of P is given hy 

P = P U P i+ i = [Pi,P]. 

Furthermore, we define a refinement {P^' 3 ^}, i,j > 1, of the descending p-central 
series of P hy 

p(M) . = (pi p P 3 )P* + \ 

Obviously we have 

P^ 1 ) = P l and P {hj) = P t+1 for j > i > 1. 

We introduce the following notational convention: 

The letter v always stands for a pair i > j > 1, and we order these pairs 

lexicographically. We say that v + 1 = (z, j + 1) if i > j and v + 1 = (i + 1, 1) if 
v = 

Lemma 4 (i) Let P he a pro-p-group and let x e P\ y e P 3 and a e p r ~Z. p . Then 
(xy) a = x a y a (y,x)^) mod p«+J+^ x {i,r}^ 

[x a ,y) = (x,y) a ((x,y),x)^) mod p«+j+i+max{i,r}^ 

[x,y a ) = (x,y) a ((x,y),y)^) mod P'+j+i+max-fi,^ 
(ii) Let P = F he a free pro-p-group. Then 



fnfpffr.^r 1 Fi 



for all i > j > 1. 



Proof: All statements are well known and easily proved using induction. For the 
second statement one uses the fact that Fj/ Fj + \ is a free Z p -module, which follows 
from the corresponding theorem of Witt [18] for discrete (finitely generated) free 
groups. □ 



5 



Proposition 5 For every v 

xi (g) • • • (£> Xj 
is well-defined and surjective 

Proof: Let S = {x a } ae i be a minimal system of generators of P. Then 
its image S := S mod P P [P,P] in P/P 2 = P/P P [P } P] is an F p -basis of P/P 2 . 
Hence the tensors x ai <E> • • • <E> x aj , ct\,...,ctj e I define a basis of (P/P 2 )® 3 . 
Regarding the definition of the (z/)-filtration it follows from lemma 4(ii) (for free 
groups and then for all pro-p-groups), that the elements 

([^ai?[^a2?['''?^aj]]'*']) ? Q^i , . . . , Qtj G / 

generate P^ modulo p( i/+1 ). Finally an inductive application of lemma 4(i) 
shows that i\) v is well-defined. □ 



the W p -vector space homomorphism 
+ pM/p("+i) 



{[xi,[x 2 ,[--- ,x 3 ]]---]Y" 3 mod P^ +1 ) 



Recall the definition of a free pro-p-G operator group: If G is a finite group 
and Fd a free pro-p-group of rank d, then we set 

Hd) = *F d 

G 

for a free pro-p-G operator group of rank d. The group T(d) is a free object in 
the category of pro-p-groups with a continuous G-action. As pro-p-group T(d) 
is free of rank j^G-d and one can choose i = 1, . . . , d, g e G of T(d) 

such that G acts by g'xi^ = Xi^ g . 

Now we will apply the shrinking process to cohomology groups with respect 
to G and T(d) in order to annihilate given cohomology classes. 

Proposition 6 Let G he a hnite group and let T(d) he the free pro-p-G operator 
group of rank d. Let n,t e IN, k e Z, a hnitely generated W p [G\-module T and 
v = (hj) ^ e given. Then there exists an m > n such that for all m > m the 
following holds: 

For given elements 

Xl ,...,x t e H k {G,F{m)MlF{m)(" +v > ®T) 
there exists a surjective pro-p-G operator homomorphism 

ip : T(m) — » F(n) 
such that the induced homomorphism 

V>* : F fc (G,^(m)W/^(m)^ +1 ) <g T) ^ H k (G^(n)^ / ^(nf+^ <g) T) 
maps x\, . . . , Xi to zero. 



6 



Proof: We set Z(n,v) = T{n)^ / !F{n)^ v+1 \ Using dimension shifting we have 
an isomorphism 

H k (G, S(n, is)<g>T)^ H-\G, S(n, v) ® T ® A k ) , 

where Ak = 1% ^ k+1 \ Here Iq denotes the augmentation ideal of IF P [G] and we 
have set 7|° = W p and If " s = Hom(/| s , W p ) for s e IN. 

Since T was arbitrary, we may restrict to the case k = — 1. 

Observe, that for every d > 1 the canonical surjective IF p -homomorphism defined 
in lemma 5 

0„(d): {T{d)lT{d) 2 )^ — » T{d)^lT{d)^ +1 \ 
is obviously G-invariant. For a pro-p-G operator homomorphism ip : T(d') — > T(d) 
we have the compatibility 6 v {d')ip^ = ip*6 v (d). 

Now let m = rn } r large enough, such that we can apply proposition 2 with the 
G-module T: For given elements 

z u ...,z t € (f(m)/f(m) 2 p (E)T = (W p [G] rn f j ® T > 

there exists a surjective IF p [G]-homomorphism 

V> : ^(m)/^(m) 2 — » ^(n)/^(n) 2 , 

such that (g) id)(z a ) = 0, a = 1, . . . ,t. By the universal property of free 

pro-p-G operator groups ip extends to a pro-p-G operator homomorphism 

ip : T{m) — » F{n) , 

which is necessarily surjective (by the Frattini argument). 
Now we consider the commutative diagram 

(F(m)/F(m) 2 )® j ® T » (S(m, v) <g> T) G < > S(m, v) <g> T) 



ipt<g)id 



4>* 



(T(n)lT(n) 2 )®i <g) T » (£(n, v) <g> T) G < > # _1 (G, i/) <g) T) 

and choose z„ as a pre-image of the image of x a in the group (£(ra, z/) <E> 
Choosing an appropriate ip, the diagram shows that ip*(x a ) = for a = 1, . . . ,t. 
This proves the proposition. □ 

We will apply proposition 6 only for k = 2 and k = —2 and for k = —2 we 
also need the following variant of it, which goes back to an idea of V.V. Ishanov. 
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Proposition 7 Let G he a finite group and let T(d) he the free pro-p-G operator 
group of rank d. Let n,t e IN, a finitely generated JF P [G] -module T and v = 
he given. Then for large enough m > n the following holds: 

(i) For given elements 

x u ... } x t e H- 2 {T{m)lT{m)^ X G, T{m)^ / T{m)^ +1 ) ® T) 
there exists a surjective pro-p-G operator homomorphism 

ip : T(m) — » Tin) , 
such that the induced homomorphism 

V>* : H- 2 (T(m)/T(m)M X G, T(m)M / T{m)( v+1> > ® T) — > 

H- 2 iTin)/Tin)^ X G,T(n)M /T(n)^®T) 

maps x\, . . . , x t to zero. 

(ii) For given elements 

x u ... } x t e H- 2 iTim)lTim)^\Tim)^lTim)^ +1 ) ®T) 
there exists a surjective pro-p-G operator homomorphism 

ijj : Tim) — » Fin) , 
such that the induced homomorphism 
V>* : H- 2 iTim)lTim)^\Tim)^ lTim)^ +1 ) ®T) — > 

H- 2 iTin)lTin)^\Tin)^lTin)^ +l ) ®T) 

maps x\, . . . , x t to zero. 

Proof: We keep the notations 

Tin)/u = T(n)/T(nY v) and £(n,u) = T{nf v) / T{nf v+1) . 

If v = 1, then the statement to prove is just a special case of proposition 6. So 
we may assume that v = (i,j) > (2, 1). Recall that H~ 2 = Hi and consider the 
exact sequence 

E x iTin)lv,Ein,v) <g> T) — > E x {T{n)fv x G,£(n,v)®T) — > 

H^G^in.^^T) — > 0, 

which is induced by the homological Hochschild-Serre sequence. Since £(n, v) is 
a trivial jF(n)/i/-module, the universal coefficient formula yields: 

E x (T{n)fv,£{n,v)®T) = Tin)/ Tin) 2 <g> £{n, v) <g> T 

and proposition 5 implies the existence of a G-invariant surjection 

(T(n)/T(n) 2 )^ j+1 ^> ® T -» H x iTin)/u } £(n, v) ® T), 
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where v = This is obviously true for arbitrary n, and the maps are compat- 

ible. Let r > n be the number which has the property, that arbitrary t elements 
in (jF(r)/jF(r) 2 )®^ +1 ) ® T are annihilated by the homomorphism induced by a 
suitable chosen G-invariant surjection T(r) -» T(n) (and which exists by propo- 
sition 2). The above surjection shows that r has the same property with respect 
to t arbitrary given elements in 

R x {T{r)lv,Z{r,v) <g) T). 

This proves (ii). In order to show (i), let m > r be the number, which has the 
property that arbitrary t elements in 

F 1 (G',£(m, I /)(x)r) 

are annihilated by the homomorphism induced by a suitable chosen G-invariant 
surjection jF(m) -» F(r) (and which exists by proposition 6). We obtain the 
commutative and exact diagram 



#i(:F(m)/i/,£(m,i/)<g)T) — ► Hi{T{m)/v XI G, £(m, v)®T) Hi(G, £(m, v)®T) 

•1 "l •!• 

#i(.F(r)/ I /,£(r, I /)®r) fli(f(r)/i/XG,f(r,i/)®r) » Hi(G, £(r, v)®T) 

•1 "l •!• 

J ffi(J-(n)/^,5(n,^)(g)T) > J ffi(J-(n)/^XG,5(n,^)(g)T) — » Hi(G, £(n, i>)®T) 

in which the vertical maps are induced by G-invariant surjections 

T{m) -» T{r) -» J-'(n), 
which we choose in the following way: 

Let arbitrary elements x\,...,x t e H\(F(m)/v XI G } S(m } u) (/) T) be given. 
Choose jF(m) -» ^"(r) such that the induced homomorphism annihilates the 
elements a(x\), . . . , a(x t ). Hence ir(xi) } . . . , ir(x t ) are contained in the image of 
(3 and we choose the surjection T(r) -» ^(n) such that e annihilates arbitrary 
chosen /3-preimages of ir(xi) } . . . , Tr(x t ). The composite jF(m) -» ^"(re) has the 
desired property. □ 



3. Some related duality statements 

We keep the assumption that A; is a global field and introduce some further 
notations. 
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Definition 8 If Q\k is a finite extension of k, then we denote by 

S n (S) = 5 n (S({2)) 

the Dirichlet density of the set S(f2) of primes of Q given by all extensions of 
S = S(k) to Q. For sets S\ and S2 of primes we use the notation 

S.CS2 :^8(Si\S 2 ) = 0, 

i.e. Si is contained in S2 up to a set of primes of density zero. 
Furthermore, we set for a hnite Galois extension Q\k 

cs(Q\k) :={p a prime of k | p splits completely in i?|£;}, 
Ram(i?|£;) :={p a prime of k | p ramihes in i?|£;}. 

Let T c S be sets of primes of k where S is non-empty and contains the 
archimedean primes S'oo in the number field case. Let A be a finite Gs(£;)-module 
whose order is invertible in Ok,s an d let A' = Hom(A, Og). 

Definition 9 We dehne the groups HI^&s, T, A) and coker(£;s, T, A) by the ex- 
act sequence 

m\k s ,T,A) ^ H l {k s \k,A)^JlH l {k p ,A) -» coker(k s , T, A) , 

X 

where denotes the restricted product with respect to the subgroups H^Jkp, A). 

If the Dirichlet density of the set T is equal to 1 and A is a trivial Gs(k)- 
module, then the Hasse-principle holds, i.e. 

in 1 (A;5,r,A) = o. 

This is well known for number fields, [8] VII 13.6, and for functions fields it can 
be found in [2] Ch.5 §4. 

Assume that T is finite, then so is coker(£;s, T, A). From the local and global 
duality theorems we obtain the commutative and exact diagram 

m^ks^S^A') ^ H l {ks\k,A>) - J^H\k^A') 

S\T ^ 

III^A') < ► H l {ks\k,A>) 



This diagram implies the 



J±H\k p ,A') H\k s \k,A)* 

s 



HH^k^A') ^n^ 1 ^,^)* 

X X f 



coker(A;5, T, A)*. 
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Lemma 10 Assume that T is finite, then there is a canonical exact sequence 
m^ksiA') m^ks^^A') coker(£;s,T,A)* 0. 

Under a mild restriction, the Hasse-principle also holds for the module ji m . Via 
lemma 10 one can deduce the theorem of Grunwald-Wang : 

coker(A;5, T, A) = 0, 

if the density S(S) is equal to 1, A is a trivial Gs(£;)-module and T is finite 
not containing primes above 2 in the number field case (the last assumption 
guarantees that we avoid the so-called special case). 

We have the following application of the Grunwald-Wang theorem to embed- 
ding problems with induced G-modules as kernel. 

Proposition 11 Let K\k he a hnite Galois extension of global helds with Galois 
group G = G(K\k) and let A = JF p [G] n . Then the embedding problem 

Gk 

1 — > A — > E > G > 1 

is properly solvable. 



Proof: Since H 2 (G,A) = 0, the embedding problem has a solution : 
Gk — > E. Let pi,...,p r be primes of k which split completely in K and let 
fi '■ Gk„ . — > A be homomorphisms such that their images generate A. Further- 



more we assume that the primes pi do not divide 2 if A; is a number field. Then 
by the Grunwald-Wang theorem the map res = (resi)i 



H l (k,A) 



Y[H\k^A) = nHom(G* Pi ,A) 



8 = 1 



8 = 1 



nn ffi (%iF f 



IS 



surjective. Let [x] e H 1 (k } A) such that res 8 [x] = <fi — i^o\cj k for i = 1, 



r. 



Then ip 



tpo : Gk — > E is a new solution of the embedding problem which is 



proper, since tp\Gk p . = tpi for i = 1, . . . ,r, hence ip(G} 



A. 



□ 



We introduce some additional notations. For a prime number p ^ char(A;) 
we denote the set of primes of k with residue characteristic p by S p = S p (k). 
The set S p (k) is finite and it is empty if A; is a function field. In the number 
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field case we denote by S'oo = S O0 (k) the set of archimedean places of k. In the 
function field case we choose any finite, non-empty set of primes of k and call it 
= S cx3 (k). For every extension field K\k we denote by S O0 (K) the set of 
primes of K which lie over S O0 (k). For a G^-module A we denote by k(A) the 
minimal trivializing extension of k, i.e. Gk(A) 1S the kernel of the homomorphism 
Gk — > Aut(A) given by the action of Gk on A. The next technical lemma will be 
needed later. 

Lemma 12 Let k he a global field, p ^ char(k) a prime number and assume 
that we are given sets of primes of k 

S' 2 S 2 T 2 S p U Soo , 

where T is finite. Let A be a finite Gs-module which is annihilated by p. In 
addition suppose that we are given a finite subextension N c ks, with 

a) k(A) c N, 

b) S'\T c cs(N\k), 

c) fi p c N. 

Consider the diagram with solid arrows (the lines are not exact) 

coker(k s ,T,A) < > UI 1 (k s , \ T, A')* H l (N\k, A')* 

u 

coker(£;5',T,A) III 1 ^/, S" \ T, A')* X> H l {N\k, A')* 

in which A' := A*(l) = Hom(A, ji p ). The horizontal maps on the left are induced 
by lemma 10 and those on the right come from the Hochschild-Serre sequence 
and from conditions a),b),c). 

Then in the above situation a natural dotted arrow (j> making the diagram com- 
mutative exists. If in addition 

cs(N\k)cS'\T, 
then the surjection r] 1 is an isomorphism. 

Proof: First observe that the homomorphism r] 1 is obtained from the following 
commutative and exact diagram 

H\N S ,,A') J] H\N V ,A') 

S'\T 

Ul'iks^S'XT^A') < > H\k s .,A') ► J] H\k p ,A') 

t S'\T 

H x {N\k,A r ) 
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and in a similar way we get the homomorphism r\. 



Now consider the exact and commutative diagram with natural homomor- 
phisms: 



m\k s ,S\T,A!) 



ker(a) 



< > 



H l (G s ,A') 



H l (G s ,A') 



m\k s ,,S'\T,A') ^ H\G S ,,A') 



S\T 



S\T S'\S 



- H&ikp,*) x n H l {k p ,A') 

S\T S'\S 



H\k s .\k s ,A 



r\G 



s c_ 



n r1 ^ a 

S'\S 



i\G k 



in which T p c Gk p denotes the inertia group. Observe that (3 is injective, since A 1 
is a trivial G(ks> |£;s)-module and since ks has by definition no extensions in ks> 
which are unramified at all places in S' \ S. Diagram chasing then shows that e 
is an isomorphism. We can now define (j> as the dual homomorphism to k o (e -1 ). 
Conditions a),b),c) imply, that H l (N\k, A') is canonically contained in the groups 
III 1 (A;5, 5'\r, A'), ker(a) and III 1 (A;5/, S'\T, A'). Thus we have constructed cf> and 
we see that the right part of the diagram is commutative. But that the left part 
of the diagram is also commutative can be seen from the diagram before lemma 
10 which defines the occurring maps. 

Now assume that cs(N\k) £ S 1 \ T. Then 8n(S'\T) = 1 and by the Hasse- 
principle the homomorphism t in the exact commutative diagram at the beginning 
of the proof is injective. Hence the inclusion (?/)* is an isomorphism. □ 



4. Construction of certain cohomology classes 

Let kp be a local field and let A be a Gk p -module. We call a class x p e 
H l (kp,A) cyclic, if it is split by a cyclic extension of kp, i.e. if there exists 
a cyclic extension Kp\kp such that Xp lies in the kernel of the restriction map 
H l (kp, A) — y H l (Kp, A). If A is unramified (i.e. the inertia group acts trivially), 
then we call Xp unramified if it is contained in the unramified part H^ r (kp } A) 
of H l (kp, A). In particular, if Xp is unramified, then it is cyclic. 

The following existence theorem is based on Cebotarev's density theorem and 
will be used in step 4 of the proof of theorem 15 below. In the case A = 
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via Kummer theory, theorem 13 is equivalent to Safarevic's theorem about the 
existence of certain algebraic numbers ([12]). 



Theorem 13 Let p he a prime number and let Q\K\k he finite Galois extensions 
of global fields of characteristic different to p, where K contains the group ji p of 
p-th roots of unity. Let T he a finite set of primes of k containing Ram(i?|£;) U 
S p U S^ 5 and let S = cs(Q\k) U T. 

Let A he a finite W p [G{K\k)]-module and assume we are given a class y in 
H l {k s \K,A) such that 

y*p is unramified for ^3 e T(K) and y«p = for D k e Ram(A"|A;) U S p U Sqq. 

Then there exists an element x e H l (ks\k, A) such that 
Xp = (cor^ y)p for p e T and x p is cyclic for all p g T. 

Proof: Putting x = cor\ z, it suffices to construct a z e H 1 (ks\K, A) with 

(a) = ysp for e T(K), 

(b) If *P ^ T(K) and z<$ is ramified (i.e. not contained in H^ r (Krp } A)), then z<$ 
is cyclic and z a ^ = for every o e G(K\k) 

We first prove the existence of z in the case A = fi p} where the cyclicity condition 
is trivially satisfied. Assume first that p is odd. We will apply the method of [12] 
in order to obtain the element z which we are looking for as a product of two 
members of a sequence 



where the isomorphism is induced by the local duality theorem, see [17] chap. II 
§5.2, §5.5. Assume that we have already constructed z\, . . . } z n (n > 0) and set 



T n = TU {(<Pi n k), . . . , (y$ n n k)}, i.e. T n (K) consists of T(K) and of all G(K\k)- 



conjugates of . . . , Observe that T n Q S and consider the commutative 
and exact diagram 

5 Regard our notational convention concerning S p U .Soo in the function field case. 




which will be constructed having the following properties. 
(1) There exists a prime e S \ T(K), such that 




G(K%\K V ) - HKK^TL/pTy = H\K v ^ p )/Hl{K v ^ p ). 
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S\T n 



HH^Ky^p) > E\Q\K,TLI V TL)^ 



s 

in which denotes the product of local cohomology groups restricted with re- 
spect their subgroups of unramified elements and v is the Pontrjagin dual. The 
lower line is part of the long exact sequence of Tate-Poitou. 
Consider the element 

£ en^(%^) x H\K*,p p )IHl 

Tn S\T„ 

given by £sp = for e T(K), ^ = -{z l ) riVt for i < n, a e G(K\k) \{1} 
and £*p = for all other ^3. Then £ has the same image in H 1 ({2\K, Z/pZ) v as y 
(e H 1 (ks\K, fip)). By the exactness of the lower line, this image is trivial. Using 
Cebotarev's density theorem, we can choose a prime e S \ T n (K) such that 

the image of — £ in H 1 (kT n \K, Z/pZ) v is equal to Frobsp n+1 . By the exactness of 
the upper line we find a class z n+ i e H 1 (ks\ A, ji p ) with properties (1),(2),(3). 

Let G(K\k) = {ci, . . . , cr r } and consider for n = 1, 2, . . . the maps 

r 

i>n ■ ...,Z n } > 

1 

given by 

(Observe that by construction Z{ e i7^ r (/<f CT .sp ; , ji p ) for j = 1, . . . , r.) 

By the shoe box principle, there exists an N with ^n(zn) = ipw(zi) for some 

i < N. We claim that 

z = z t + z N e ^(kslK./ip) 

satisfies conditions (a) and (b) above. Indeed, (a) is trivial by condition (2). It 
therefore remains to show that, if z<$ is ramified for some ^3, then ^3 e S \ T(K) 
and z a ^ = for a e G(K\k) By construction, z is only ramified at ^ and 

^Jjv and by condition (3) we know that z a ^ i = for a ^ 1. In order to show 
the corresponding statement at ct^Jjv (c 7^ 1), recall that for arbitrary classes 
a, 6 e H l (ks\K, ji p ) we have the product formula 

n ( a i b h =i i 

<Pe5(A') 
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for the Hilbert symbol ((a,6)sp is defined as the image of a U b under the trace 
homomorphism i7 2 (A"*p, /i® 2 ) ji p ). Since Z{ and zjv are unramified at ct^Jjv, 
it suffices to show that their values on Frob^sp^ are mutually inverse in ji p . We 
have 

^(Frob^) = ^(Frob^spJ because ^ n (zi) = ^ n (z N ), 
= (zi,azi) (T rp i by condition (1) for Z{ } 

= (zi^azi)^ by the product formula and by (1), (2), 

= (^i, czjv)<Pi by condition (3), 

= (zi, ctzn)~^ n by the product formula and by (1), (2), 
= z 4 -(Frob (jsp^) -1 by condition (1) for z^ ■ 

This finishes the case A = fi p} p odd. In the case p = 2 we have to modify the 
method and we will obtain z as a product of three other elements. We use the 
combinatorial method of [5] chap. 5 §3. 

Let {Cri, G 2} C3} be a partition of the set G(K\k) such that G\ consists 

of all elements of order 2 and G 2 = Gj 1 . 

We construct recurrently a sequence Zi,z 2 , ... of elements in H 1 (ks\ K, /i 2 ) satis- 
fying the following properties 

(1) There exists a prime e S \ T(A"), such that 

• [z l ) Vt = Frob*p 8 modulo Hl r (K Vt , /i 2 ), 
■ (zi)<p e Hl r (K v ,/i 2 ) for all ^ <p,-, 

(2) (z t ) v = m for ¥€T(K), 

(3) (z n+ i) (T rp i = for i < n and all a e G\. 

(4) If ip n (zi) ^ ip n (zj) for all j with n > j > i, then 

f 



and otherwise: [z n+ i) a ^ i 



i Z i)^, 





The existence of the sequence of classes z\, z 2} 
odd p. In addition, we obtain 



if a e G 2 , 
if a e G3, 

if a e G21 
if a e G3. 

. . is proved similar to the case of 



Claim: (zi) (T rp i = for a e G\. 

Proof of the claim: Let Z{ e K x be a representative of Z{ e H 1 (ks\K } /i 2 ) Q 
H l {K,n 2 ) = K x /K x2 . By condition (1) we have (z,) = *}3 8 2l 2 with a fractional 
ideal 21 of Ok,Soc- By Cebotarev's density theorem there exists a prime ideal 
i T(K) of K)Sca with ^ cr0 such that = 21 • (x) with x e K x . Hence in 
Ok,Soc we have (ziX 2 ) = ^3;0 2 . Thus we may assume (using condition (2)) that 
Zi e Ca-,500, v Vi (zi) = 1, vy(zi) = for e T(K), (£;)sp is a square in K v for 
qj e S'oo and Z{ and az{ are coprime in Ok,Soc ■ 

In addition, choose $ e Ok,Soc such that A" = K° (8) and $ 2 e Ok<*,Sooi where 
K a is the fixed field of K with respect to (a). Then there are a, 6 e A"* 7 with 
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Zi = a + b8. In particular, 2a e Ok<t Soo and 2bS e Ok,Soc ■ Let E be the set of 
prime divisors of 2bS which are not in S2 U S'oo U Ram(A"| K a ). We obtain 



^•(Frob CT sp ; ) = {z l ,(Tz i ) <J ^ i 

= (2b8, az l ) rjVt 

= n«p^qj i (26^<T5 t -)«p 

= Hy\2b8oo( 2 bS,crZi) v 

= Yl^e^b^az^ 

= rVs(2W,a)<p 



by definition of 5;, 

since (z t - az^z, e £7^., 

by the product formula, 

if ^P|cr5 8 - and ^ ^^Pi? then 

2\vrp(azi) and vrp(2b8) = 0, 

azi e K^ 2 for e S^US^U Ram(K\k) 

by condition (2), 

aii = a — bS and { azi for *P e E. 



The last product is easily seen to be unity: If ^3 e E is inert in K\K a , then 
a e A"*p 2 , hence (2bS, a)sp = 1 and if ^3 e E splits in K\K" , then cr^J e E and 

(2b8, a)sp • (2W, a) CT sp = (-1, a)sp = 1. 

This proves the claim. 

Now choose iV minimal, such that 

for numbers i < j < N . We claim that z = z % : + Zj + z^j satisfies conditions 
(a) and (b). Indeed, (a) follows immediately from (2). It therefore remains to 
show that, if z<$ is ramified for some ^3, then ^3 e S\.T(K) and z a ^ = for 
a e G(K\k) By construction, z is only ramified at ^J;,^ and ^n- 

For a e G\ and N > s, t > 1 we have 

z s (Frob CT sp t ) = 1. 

which is seen by condition (3) for 5 > t, by the claim for s = t and follows for 
5 < t by (l)-(3) and the product formula 

z s (Frob CT sp t ) = (z s ,cr^) CT sp t = (az s ,z t ) Vt = {az s ,z t ) !T ^ s = ^(Frob^spJ = 1. 

Summing up, we obtain z a ^ i = z a ^ j = z a ^ N = for a e G\. 
If a e G2, then by condition (4) 

Z<j?f} t = (Zi)<T<Vi + (zj)<T<Vi + {zN)a^ t = (Zi)a^i + + {z i ) !T ^ l = 0. 
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Furthermore, since {z^) a ^ j = by condition (4) and 



^(Frob^) = (z t ,azj) a ^ by condition (1), 

= (zi,azj)rp i by the product formula, 

= (a~ 1 Zi } Zj) (T -itp i using Galois invariance, 

= ^j(Frob CT -isp.) by condition (1), 

8 (Frob (j-ispj by condition (4), 

= z 4 -(Frob (jspj using Galois invariance, 

= ^(Frob^.) because ipN(zi) = V'aK- 2 ?) , 

we obtain z a ^ j = for a e G 2 . Similar calculations show that z a vp N = for 
a e G2 and in the same way one verifies that the local classes z a ^ i , z a ^ j and z a vp N 
also vanish if a e G3. This finishes the proof for A = ji p . 

The general case will be proven by induction on dimF p A. Let A = A' © ji p . 
For each z e H 1 (Ks\K, A) let z = z' + z" be the decomposition of z into the 
components z' e H 1 (Ks\K, A') and z" e H 1 (Ks\ K, and similarly z<$ = z 1 ^ + 
4 for z*p e i7 1 (A"*p, A). By induction we find an element z' e H 1 (Ks\K, A 1 ) such 
that 

(a') zip = for ^3 e T(K). 

(b') If *P ^ T(K) and 4 is ramified, then 4 is cyclic and z' a ^ = for every 
a e G(K\k)\{l}. 

Let K'\K be the extension defined by the homomorphism z' (i.e. z' : G(ks\K) -» 
G(A"'|A") c A') and let A" be its Galois closure over k. By construction, K'\K 
and hence also K\K is unramified at all primes in T(K) and it only ramifies at 
primes in cs(Q\k)(K). 

Set V = T U Ram(_A|£;), /2' = KQ, S' = cs{fl'\k) U V and suppose we have 
found a class y e H l (Ks' \ K, ji p ) with 

• y«p = y£ for ^eT(A0, 

• yqj = for qjeT'NT^). 

Then we can apply the induction hypothesis to the field extensions Q'\K\k, the 
sets T", S 7 and the module A = /i p in order to find a class z" e H l (Ks' \ K, ji p ) 
with 

(a") z^ = y v foT^eT'(K). 

(b") If T\K) and 4 is ramified, then z'Jp is cyclic and z"y$ = for every 
a e G(K\k)\{l}. 

Regarding T' \ T Q cs({2\k), hence S 1 Q S, it is now easily verified, that the 
class z = z' + inf z" e H 1 (Ks\K, A) satisfies conditions (a) and (b). Indeed, for 
*P e T(K) we have 

zy = 4$ + z'y = y'y + y'y = y v . 

For e T'\T we get 

Zqj = Zap + Zqj = Zqj . 
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Therefore z<$ is cyclic and if z<$ = is ramified, then the underlying prime 
p of splits completely in Q and z a ^ = z' a ^ = for a e G(K\k)\{l}. Let 
finally ^3 T' . If zs$ is unramified, then it is cyclic. Let zs$ be ramified. Since 
Z V = -^sp + ^sp an( i z>< $ 1S unramified, z'J^ must be ramified. Thus p splits completely 
in i?', hence in K' . From this we obtain z' a ^ = for all a e G(K\k) } since by 
definition of K' the element z' becomes zero in H l (K\A') and thus z' a ^ is zero 
in H 1 (K'q,A') = i7 1 (A" (7 sp, A 1 ), where is a prime of K' above cr^J. Therefore 
Z V = z %i i- e - Z V 1S cyclic an d z <j?$ = z"<p = for a e G(A"|£;)\{1}. 

It therefore remains to construct a class y with the above properties. Consider 
the commutative and exact diagram 



S'\T' 



H l (k S '\K^ p ) >JJ_H 1 (K V ^ P ) 

S' 



S'\T' 



H 1 {Q'\K,'Z.lpZ.y. 



If we can show that a annihilates the element £ = (6p)*p 6 x'(A') e YIt' H l (Ks$, ji p ) 
given by £sp = for ^3 e T(K) and = for ^ 6 T'\ T(A"), then the existence 
of y follows by diagram chasing. We use the injection 

H 1 (n , \K,J./p'E) v ^ H\f2\K, Z/pZ) v © H\K\K, Z/pZ) v 

in order to write the image of £ in the form ct(£) = («i(^), 02(C))- Since A"|A" is 
unramified at all ^3 e T(A"), a 2 factorizes over the quotient 

n^(%,^)/(n^(%,^)x nw)- 

Hence a 2 ((,) — 0. Finally the diagram 

X' 



n^(A>,^) — H\Q\K,S.lpK) 

T 



H\k s \K,n P ) ^JLH\K v ,n P ) — H\k s \K,-Z.lpZ) 

s 
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shows that cti(£) is equal to the image of y" (e H l (ks\K, ji p )) in H l (Q\ K } Z/pZ) v , 
hence trivial by the exactness of the lower line. This finishes the proof. □ 



5. Proof of Safarevic's theorem 

The essential step in the proof of theorem 1 is the following 

Theorem 14 Let K\k be a finite Galois extension of the global field k and let 
(f : Gk -» G(K\k) = G. Then every split embedding problem 

Gk 



1 



H 



H x G 



G 



with finite nilpotent kernel H has a proper solution. 

Since a finite nilpotent group is the direct product of its p-Sylow subgroups 
and since every finite G-operator p-group is a quotient of T{n) / !F{n)^ for some 
n, z/, it suffices to show the following assertion: 

For every prime number p, all n e IN and all v = the split embedding 

problem 

Gh 



-> 1 



1 — > T{n)lT{n)^ — > F(n)/F(n)M XI G G 

has a proper solution N™\k. 

Let us first assume that p ^ char (A;). We will proceed by induction on v 
whereas n will be arbitrary. If v = (1,1) nothing is to show. Now we assume 
that we have already found a solution cp ntU : Gk -» T{n) / !F{n)^ XI G and we 
consider the embedding problem 

(*) Gk 



F{n)M I r{n)( v+1 ) ^ F{n)lF{n)( v+ ^ X G -» J^(n)/^(n)H X G. 

This embedding problem is in general not solvable, but we are going to solve it 
after replacing (f njL , by another solution (p n ^ v for the induction step v on the level 
n. This new solution is induced by a solution 



: Gi 



T{m)/T{m)^ X G 
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for some large m > n via a suitable chosen G-invariant surjection ip : jF(m) -» 
T(n). Let us consider the associated commutative and exact diagram 



(**) Gk 

T{m)^lT{m)^ +1 ) T{m)lT{m)^ +1 ) X G -» F{m)lF{m)M X G 

^"(njM/^n)^ 1 ) ^(n)/^)^ 1 ) XI G — » T{n)/T{n)^ X G. 

To shorten notations we set again: 

T{n)lv = f(n)/f(nf\ £(n,u) = T{n)^ / T{n)^ +l \ 

Since £(n, v) is contained in the center of T{n)jv + 1, the action of T{n)jv X G 
on £(n, v) factors over the canonical projection 

T{n)lv X G^G, 

in particular Gk ^ Gk acts trivially on £(n,v). 

Let a m and a n denote the 2-classes corresponding to the group extensions in (**) 
and consider the commutative exact diagram 

H 2 (F(m)/v X G,£(m,u)) 

i>* 

H 2 (F(m)/v X G,£(n,u)) 

E 2 {T{n)lv X G,£(n,u)) 

Now [1] chap. 13 th.2 asserts that ip*(a n ) = ip*(a m ) and by [3] Satz 1.1 the 
embedding problem on the level n is solvable if and only if <£>* „(a n ) = 0. We are 
searching for an m > n, a solution <p m>1/ on the level m and a suitable surjective 
G-homomorphism ip : jF(m) -» F(n), such that 

M^ m A a m )) = 0eH 2 (k,£(n,u)). 

As we will show below, this can be achieved for large enough m if the solution 
fm,f is °f a special type. If we can guarantee that the new solution is also of this 
special type, then the induction process works for a modified, stronger statement. 
In fact we are going to prove the sharpened 



^ H 2 (k } £(m } u)) 
^ H 2 (k,£(n,u)) 
^ H 2 (k,£(n,u)). 
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Theorem 15 Let K\k he a finite Galois extension of the global field k and let 
(f : Gk -» G(K\k) = G. Then for every prime number p, all n e IN and all 
v = the split embedding problem 

Gk 

1 — > F{n)lF{n)W — > F{n)lF{n)W x G G >1 

has a proper solution N™\k. If p ^ char k, we can choose the solution in such a 
way that the following conditions are satisfied: 

(i) All p e Ram(K\k) U S p U are completely decomposed in N™\K. 

(ii) If p is ramified in N™\K, then p splits completely in K\k and N™ p \k p is a 
(cyclic) totally ramified extension of local fields. 

Proof: We prove the theorem by induction on z/, whereas n and G are arbitrary. 
We defer the case char (A;) = p and assume that char (A;) ^ p. If f = (1,1), nothing 
is to show. We prove the induction step, i.e. we solve the embedding problem 
defined by the diagram (*) above in four substeps. Furthermore, for the induction 
step v i— y v + 1, we may assume that ji p e c K, where p e is the exponent of the 
group jF(n)/jF(n)( i/+1 ) (which does depend on v but not on n and G). Otherwise 
we lift the embedding problem via Gk -» G(K(fi p e)\k) -» G(K\k) } thus making 
G bigger. Note that this does not influence conditions (i) and (ii). 

First Step: The problem (*) induces local split embedding problems at all 
p e Ram(A"|A;) U S p U and is locally solvable (not necessarily proper) at every 
prime p after changing <p n>1/ . 

a) If p € Ram(/^|£;)US;US' 00 , then G p (N?\k) = (F(n)/F(n)M X G) p 9* G p (K\k) 
by (i). We show that, after changing ip n>1/ , the local group extensions corre- 
sponding to these primes are split extensions. In particular, the associated local 
embedding problems are solvable in a trivial way. 

Let a n (p) be the 2-class in H 2 {{T {n) / T {n)^ x G%, F(n)M / F{n)( v+1> >) which 
corresponds to the group extension given by the upper line of the diagram 

F{n)M I F{n)(" + V < > E p » {F{n)lF{n)M X G) p 

II 1 1 

F{n)M I r{n)( v+v > <-> F{n)lF{n)( v+ ^ XI G — » ^(n)/^(n)H X G . 

Apply the induction hypothesis to the corresponding embedding problem on 
a large level m. The number m and a surjective G-invariant homomorphism 
ip : T(m) -» F{n) will be chosen below. By (i) we know that p is completely 
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decomposed in N™\K and we have a commutative diagram for the associated 
local groups (writing G p for G p (K\k)))\ 



{T{m)lv X G\ 



{T{n)lv X G) p -^-^ ^ p 



G D 



G D 



Therefore we obtain the diagram 



H 2 ((f(m)/v X G) p ,£(m,u)) H 2 (G P} £(m } u)) 



H 2 ({T(m)lv X G) p ,£(n,v)) 



inf 



4>l 



E\{T(n)lv X G) p ,£(n,v)) 



inf 



H 2 (G p ,e(n,v)) 



H 2 (G p ,e(n,v)) 



Using proposition 6 with G, k = 2 and T = Ind G p W p we find an m > n and a sur- 
jective pro-p-G homomorphism ip : jF(m) -» T(n) such that the homomorphism 



H 2 (G P7 S(m } u)) = H 2 (G } S(m } u)(g)T)) 

H 2 (G p ,£{n,v)) = H 2 (G,£{n,v)®T) 

maps inf _1 (a m (p)) to 0, hence the above diagram implies that a n (p) = 0. 

Now we can execute the above procedure for all the finitely many primes p e 
Ram(A"|A;)U5'pU5'oo, making m each times bigger. Note that we do not destroy the 
already achieved success for the primes say p l5 . . . , p r for which the local embed- 
ding problems already split. Indeed, the property of inducing a split embedding 
problem at a prime p survives the shrinking process from m to n if p is com- 
pletely decomposed is N™\K (and we suppose this for p e Ram(A"|A;) U S v U S'oo)- 
Therefore we can execute a shrinking process for p r+1 , inducing a solution from 
jF(m), which has already the desired property for p l5 . . . , p r (and which we could 
have produced by another shrinking jF(m') -» jF(m)). 

An alternative way to proceed at this point is to replace the module T in the 
above argument by the direct sum of Ind G p IFp, where p runs through Ram(A"|A;)U 
S p U Soq. In this way we deal with all these primes within one shrinking process. 

Finally we see that the embedding problem 
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Gk 

T(m)lT(m)^ X G 

T{n)^ lT{nf v+l ^ ^ T{n)lT{nf v+l ^ X G — » T{n)/T{n)^ X G 

induces split group extensions for all p e Ram(A"|£;) U S p U S'oo- 

We have just changed (f njL , to ip o >*p m ^, thus to some N™ . But by assumption 
conditions (i) and (ii) are also satisfied for N™ hence for the new field N™ . We 
will not change the notations. 

b) If p is unramified in N™\k, then the homomorphism 

±^G p (k)/T p (k) **»G p (N?\k) 
extends obviously since Z is free. 

c) Let p e Ram(A^|A^). Then p splits completely in K\k and G P (N^\K) = Z/p a Z 
by condition (ii). We assumed that ji p e c K, where p e is the exponent of the group 
T{n)lT{n)^ +l \ Since N™ p \K p is totally ramified by assumption, there exists a 
prime element ir p of K p such that iV™ p = K p ( p^/tt^)- An arbitrary chosen pre- 
image of a generator of the cyclic group G has 
order p a+s , where < e < 1. We can solve our embedding problem by taking a 
p a+e -th root of 7T p , since fi p a+e c c K c K p . 

Second Step: The problem (*) induces local split embedding problems at all 
p e Ram(A"|£;) U S p U S'oo and is globally solvable (not necessarily proper) after 
changing ip n:1J . 

As above we consider the problem for different numbers m > n: 

Gk 

< Pm,i^ 

T{m)^ lT{mf v ^ ^ T{m)lT{mf v ^ X G — » F{m)lF{m)W x G 

T{n)^ lT{nf v+l ^ < > T{n)lT{nf v+l ^ X G » T{n)/T{n)^ X G. 

Let a m and a n denote the 2-classes corresponding to the above group extensions. 
A surjective pro-p-G homomorphism ip : jF(m) -» T(n) (inducing ip v , Vv+i and 
ip) will be defined below. Both problems (for m with <p m>1/ and for n with (f njL , = 
ip v o (f mjl y) are locally solvable by step 1. 
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In order to show the existence of a solution ip n>I/ +i we have to prove that the 
2-class a n maps to zero under the inflation map see [3] Satz 1.1: 

l[H 2 (k p ,£(n,u)) 
p 



H 2 (f(n)/f(n)^ x G, S(n,u)) H 2 (k,£(n,u)) 

J 

IH 2 (£;,£(n,z/)). 

Here we have set as before £(n, v) = T{n)^ / !F{n)^ v+1 \ By the first step we can 
assume that 

€ffl 2 (fc, £(«,*/)) , <> m )eHI 2 (fc,£(m,^)). 
As we have already observed at the beginning 

V>*(a n ) = V>*(« m ) 

which gives us 

In order to shrink the obstruction, we look for a surjective homomorphism onto 
III 2 (A;, £(n, v)), which has a "shrinkable" source, i.e. a source to which proposi- 
tion 6 applies. 

Claim: We have a commutative diagram 

H- 2 (G,£(m,u)(-l)) — » UI 2 (k,£(m,u)) 

H- 2 (G,£(n,ij)(-l)) » Ul 2 (k,£(n,iyj) 

with surjective horizontal maps, where ( — 1) denotes the (-l)-Tate twist. 

Using this claim and proposition 6 with k = —2, the IFpfGJ-module T = 
Hom(/i p , Z/pZ) and an element X\ which is a pre-image of (p* m v (°m) in the group 
H~ 2 (G } £(ra, — 1)), we obtain a surjective pro-p-G operator homomorphism 
ij) : T{m) -» F{n) such that ^„(a m ) = 0, hence Lp* nv (ct n ) = 0. Thus the 
embedding problem is solvable. Furthermore, as explained in the first step, the 
local condition at the primes in Ram(A"|A;) U S p U S'oo remains untouched within 
the shrinking process. In order to finish step 2 it remains to give the 
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Proof of the claim: Let £(n,v)' = Hom(£(n, z/), ji p ). By the Tate-Poitou duality 
theorem we know that 

UI 2 (k,£(n,u)) = m l {k,£{n,v)'y . 

Using the Hasse-principle and the fact that £(n, v)' is a trivial G^-module (fi p c 
K) we obtain that the homomorphisms t in the commutative and exact diagram 

H\K,£(n,v)>) ^ Y[H\K v ,£(n,u)') 

EI 1 (A;,£(n, I /) / ) > H l {k,£{n,v)') > \[H l {k p ,£{n,v)') 

p 

H l {K\k,£{n,v)') 

\ 


is injective. Hence we get an injection III 1 (A;, £(n, v)') '—t H l (K\k,£{n,v)') and 
regarding that the dual of cohomology is homology (hence for finite groups co- 
homology in negative dimensions), we obtain a canonical surjection 

H^{G,£{n,v)')* » m l {k,£{n,v)'Y 

W W 
H- 2 (G } £(n } u)(-l)) m 2 (k } £(n } u)) . 

This proves the claim. 

Third step: After changing ip n>1/ , the problem (*) has a proper global solution, 
which satisfies condition (i) and all primes p e Ram(iV™ +1 1 N™) \ Ram(iV™|A") are 
completely decomposed in N™\k. Furthermore, the local extension N™ +lp \Kp is 
(cyclic) totally ramihed for p e Ram(iV™|A"). 

We achieve this by the following procedure: Consider a solution ip n>I/ +i of the 
embedding problem (*) which we have obtained in step 2. Its equivalence class 
[(jCn^+i] is an element of the space of solutions of (*) modulo equivalence. 
Conditions (i),(ii), properness and the other conditions that we want to achieve in 
this third step only depend on the equivalence class of a solution. The space 
is a principal homogeneous space over H 1 (Gk } £(n,u)) (see [6] Satz 1.3). Recall 
that the action is defined as follows: Choose a representing cocycle Gk — > £{n, v) 
and multiply a solution Gk — > T(n) / v-\-l XI G of the embedding problem with the 
cocycle. This yields a map Gk — > T{n)jv + 1 XI G which is a homomorphism (!) 
and the equivalence class of this new solution is independent of the made choices. 
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Now we look for a suitable cohomology class e e H 1 (Gk } £(n } u)) } such that 
the new solution 

~ e 

has the required properties. We assume that ip m>I/ +i is obtained from step 2 and 
that <p m>1/ satisfies (i) and (ii). Note that the properness of the solution is only 
a problem for the first step (1,1) — > (2,1) since in all higher induction steps 
the properness follows automatically from the induction hypothesis and from the 
Frattini argument. 

Let us consider how the local behaviour of <p n>I/ +i = e **p n ^+\ is connected to 
that of (p n ^+i- By this we mean, that we want to compare the ramification and 
decomposition of primes in the associated field extensions N™ +1 \ N™ and N™ +1 \ N™ . 
(Since we do not know, whether the solutions are proper, one or both of these 
field extensions might be trivial.) Let p be a prime in . The behaviour of p in 
N™ +1 \N™ is characterized by the homomorphism 

<Pn,v+i |e W)p e Hom(G(jv») p ,£(ra,i/)). 

Since C(jv«) p acts trivially on £(n, v), we can interpret ip n>I/ +i Ig^^ as an element 
in 

H\(N:) p ,e(n,u)f». 

Consider the exact sequence 

— ► H\(N:) p \k p ) — ► H\k p ) H\(N:) P ) G » -A H\(N:) p \k p ) , 

which is obtained from the Hochschild-Serre sequence for the tower k p | (N™) p | k p 
and in which £(n, v) are the (not written) coefficients of the cohomology groups. 
We see that <f n ,v+i \G (N n )p is given by 

^+i|g W)p +a(e) e H\(N:) P , £(n, v)f*p . 

Now we choose a finite set T° of primes in cs(N™\k) and homomorphisms 

X P ■ G kp /T kp = G {N n )p /T {N n )p — >£(n,u) 

for p e T° such that their images generate £(n, v). (The set T° will be responsible 
for the properness of the new solution.) 

Set 

T 1 = Ram(K\k) U S p U , 

T 2 = Ram(A^|A^), 

T 3 = Ram(A^ + J/f)\(Ram(A^|£;)US;uS' 0O ), 

T = fufufUT 3 and 

S = cs(N?\k)UT. 
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Since p e T° splits completely in N™\k, there exists a £ p e H 1 (kp } £(n } u)) with 

a(£p) = x p : G {N n )p — y£(n, v) . 

Let p e T l . Then, by the induction hypothesis, the extension (N™)p\Kp is trivial 
and the group extension in the diagram 



Vn,v+l\a k k P 



<-Pn,v\c 



1 



£(n, v) 



E a 



G 9 (N?\k) 



1 



and we therefore find £ p e i7 1 (A; p , £(n, v)) such 



splits. Hence (3{<p n , v+1 \a (N n )p 
that 

a (tp) = -<Pn,v+i\G {Nff)p ■ G( N n )p — >£(n,u). 

If p e T 2 , then by the induction hypothesis p T 1 , Kp\kp is trivial and (iV™) p |A" p 
is a (cyclic) totally ramified extension. We consider the exact and commutative 
diagram, 

Hl(kp) — » Hl((N^ ^ 



H\(N?)p\kp) ^ H 1 (k p 



)P) 



- h i ((n:) p ) g "p 



"pj 7 11 y^pj 

Since p e T 2 , the dotted arrow in the diagram above is an isomorphism. Thus 
there is a ^ p e H 1 (kp } £(n } u)) such that 

tpn,v+i\G (N n )p +a(Cp) : G {N n )p — y£(n,v) 

is either trivial (if f n ,i/+i\G^ N n^ 1S unramified) or induces a totally ramified ex- 
tension of degree p of (iV™) p . 

If p e T 3 , then we have a commutative and exact diagram 

H\{N:)p\kp) < > H\kp) H 1 ^ ^ 



'u )P> 



H l (T kp f^ 



- H\T (mp f^ 



where now the lower dotted arrow is an isomorphism, since (N™)p\kp is unramified. 
Let £ p e H 1 (kp } £(n } u)) such that 



<£>n,H-i|G W) + «(£)>) : G (N»)p — >S(n,u) 



is unramified. 



In order to complete step 3, it is therefore sufficient to show the existence of 
an element e e H 1 (Gs, £(n, v)) Q H 1 (Gk, £(n, v)) with e p = £ p for all p e T. 
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The exact sequence 

H^(G s ,£(n,v)) — > \{H l {k^£{n,u)) coker(k s ,T, £(n,v)) 

X 

shows that the obstruction to the existence of such an e is the vanishing of ir n (^ n ) 
with 

^=n^II H l (k p ,£(n,u)). 

peT n peT n 

(In the following we denote the sets T l and T by T l n and T n , respectively, in order 
to indicate on which level the embedding problem is considered.) By lemma 10 
we have a canonical injection 

(1) cokei(k Sn ,T n ,£(n,u)) ^ m l (k Sn ,S n \T n ,£(n,u)')\ 

where £(n,v)' = Hom(£(n, z/), ji p ). 

Recall that H~ 2 = Hi and that by the induction hypothesis, the solution (f njL , 
is proper. Thus we obtain 

E x {T{n)lv x G,£(n,v)(-1)) = E x {T{n)jv X G, £(n,v)*(l))* 

- H\N»\k,£{n,v)')*. 

Therefore it exists a canonical isomorphism 

(2) H-\T{n)jv x G, £(n, u)(-l)) H\N:\k, £(n, v)')*. 

Now we are going to shrink the obstruction to the existence of a 1-class e 
as above. If (f njL , is induced by a <p m>1/ for m > n via a G-invariant surjection 
jF(m) -» F(n), then the inclusion (1) is obviously also true in the form 



coker(k Sm ,T m ,£(n,v)) ^ Ul 1 (k Sm ,S m \ T m , z/))*, 



where S m and T m are chosen as above but on the level N™. Using proposition 7 
we choose m > n such that an (one) arbitrary chosen element in H~ 2 (T(m) / 'v X 
G, £(ra, — 1)) is annihilated by the map, which is induced by a suitable chosen 
surjection jF(m) -» T(n). Then we consider the diagrams, in which we write c 
for coker, £<i for £(d } v) (d = m, n) and S n = cs(N™\k) U T m : 



H^kgjk,^ 

H 1 (k Sm \k,£ n 

mf 

^ ^ ( ^ S I ^ ' ^ n 



JJff 1 ^,^)) c(k Sm ,T m ,£ m ) ^ Ul 1 {k Sm ,S m \T m ,£^y 

T m 

. Y[H\k p ,e n ) c(k Sm ,T m ,£ n ) < > Ul 1 (k Sm ,S m \T m ,£^y 

. Y[H\k p ,e n ) c[k- Sn ,T m ,e n ) < > W.\kg n ,S n \T m ,£W 
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m 1 (k Sm ,S m \T m ,£^)* H 1 (N™ \k, £' m )* ^ H- 2 (T(m)/v X G,£ m (-1)) 

Ul 1 (k Sm ,S m \T m ,£^y » H 1 (N" \k,£' n )* 

m\k- Sn , S n \T m ,£' n )* H\NZ\k,£' n y H- 2 {T{n)/ V X G,£ n (-l)). 



The existence of all maps and the fact that the diagrams are commutative follows 
from the arguments above and from lemma 12. 
Now let 

^=11^11 H\k p ,£(n,u)). 

peTm peTm 

be arbitrary. By theorem 7(i) that we can choose a G-invariant surjection ip : 
jF(m) -» T(n) such that 7T n tp*(^m) = 0. 

Observe that we did not get precisely what we wanted, because e has the 
required property with respect to the sets of primes T l m and S n . Nevertheless, 
one easily verifies that, if we modify the solution that we have obtained after the 
shrinking by the cocycle e (which now exists), then we obtain a solution satisfying 
all required properties. This finishes step 3. 

Fourth Step: After changing (f njL , again, there exists a proper solution (f n ^+i 
of (*) which satisfies properties (i) and (ii). 

The solution (p n ^+i } which we have obtained in step 3, has almost all properties 
we need, except that for p e Ram(iV™ +1 1 K)\R,am(N™\ K) the local extension 
(^V" + i)p|&p might not be (cyclic) totally ramified. But we know that for such a 
prime p the extension (^V") p |A;p is trivial. In order to get a totally ramified cyclic 
extension, we have to remove the unramified part of the extension (^V" + i)p|(^V")p 
and to make sure that at places, where new ramification occurs by this procedure, 
we have (cyclic) totally ramified local extensions. 

In order to save the properness of the solution, obtained in step 3, we choose 
a finite set of primes T° c cs(N™\k) \(Ram(iV™ +1 \k) U S p U Soo) such that their 
decomposition groups G P (N™ +1 \N™), p e T° generate G(N™ +1 \N™). 

We want to alter the solution found in step 3 once again using a class x in 
H 1 (ks\K } £(n } u)) } where 

• S = cs(N?\k) U T and T = Ram(A^ +1 \k) USpUS^UT , 
■ for p e Ram(N™\k) U S p U U T° we have x p = , 

• if the prolongations of p to K are in Ram(iV™ +1 1 A")\Ram(iV™ | K), then 
x p e Hl r (k p ,£(n,v)) = Hl r ((N™) p ,£(n,v)) has the property that 
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<Pn,„+i\G {N n )p + x p e F 1 ((iV;)p,£(n, I /)) 

is cyclic. 

• Xp is cyclic for all p T . 

For every p e S(k) such that prolongations of p to K are in Ram(iV™ +1 1 K) but not 
in Ram(iV™|A") we fix one (p splits completely in K\k) prolongation p e S(K) 
of p to K. Let T] e Fix H l (Ks$, £(n } v)) be such that 

• r] V = if n k e Ram(A^|£;) U^U^U T°, 

• if <P € Ram(N2 +1 \K)\Ram(N2\K) and ^ (<p n fc) , then ^ = 0, 

• if <)J € Ram(iV™ +1 1 K)\Ram(N?\ K) and = n fc) , then 

?7p e Hl r (K^},£(n,u)) = #* r ((./V™)sp, £(ra, z/)) has the property that 

is cyclic. 

Applying theorem 13 in the situation where Q is the field and A = £(ra,z/), 
we see that in order to finish the proof, it suffices to construct an element y in 
H 1 (ks\K, £(n, v)) with y*p = r/rp for all e T. Indeed, by this procedure we 
get new ramification only at places which are completely decomposed in N™\k. 
Hence their decomposition groups are cyclic (by theorem 13) and contained in 
the p-elementary abelian group G(N™ +1 \N™) = £(n } v). Thus the local extensions 
associated to these new ramification primes are cyclic of order p } in particular, 
totally ramified. Furthermore, by the choice of T°, the new solution remains 
proper. 

Similar to the situation with the class e in step 3, the exact sequence 

H l {Ks\K,£{n,v)) — > J[H 1 {K^£{n,u)) ^ coker(As, T, £{n, u)) 

X 

shows that the obstruction to the existence of such a y is Tr n (r]) = 0. Now we 
apply the shrinking procedure as in step 3, but the commutative diagrams which 
are used there have to be modified as follows: Replace in the first diagram k by 
K and consider instead of the second the following diagram 

m 1 (K Sm ,S m \T m ,£^)* HHN^K,^)* ^ H-^T(m)/ V ,£ m (-l)) 

m 1 (K Sm ,S m \T m ,£^)* » H 1 (N"\K, £' n )* 

m\Ks n ,S n \T m ,S' n )* H\N2\K,£' n )* — - H-'\T(n)/ V) £ n (-l)). 

Then we use part (ii) theorem 7 instead of part (i). 

Therefore, after a further shrinking, we get a class y with the properties above. 
Now theorem 13 induces the existence of the desired class x e H 1 (ks\k } £(n } u)). 
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The new solution <p n>I/ +i = x <p n ,i>+i fulfills condition (i) and (ii), hence step 4 and 
the proof in the case p ^ char(A;) of theorem 15 are complete. 

The proof in the case p = char(A;) is comparatively easy: Again we proceed 
by induction on z/, where n is arbitrary. The case v = (1,1) is trivial. In the 
case v = (2, 1) we get an embedding problem with abelian kernel isomorphic 
to IFpfG]™, which is properly solvable by proposition 11. In the next induction 
steps we do not have to care about the properness of the solutions, because they 
are automatically proper by the Frattini argument. By [17] II §2 prop. 3 we have 
cd p Gk = 1, hence Gk is p-projective by [17] I §3 prop. 16 and we can solve the 
embedding problems in all induction steps. Therefore the proof of theorem 15 
and also that of theorem 14 is complete. □ 

In order to deduce the theorem of Safarevic, we use an argument which goes 
back to 0. Ore [9]. We need two facts from group theory and we recall the 
following notations: 

Let G be a finite non-trivial group, then 

$(G) is the intersection of all maximal subgroups of G and is called Frattini 
group of G, 

F(G) is the composite of all nilpotent normal subgroups of G and is called 
Fitting group of G. 

The group $(G) is a characteristic subgroup of G and is contained in F(G). The 
group F(G) is obviously a normal subgroup of G. We cite the following two facts, 
see [4] Kap. Ill Satz 3.2 (b) and Satz 4.2 (c): 

Proposition 16 Let N he a normal subgroup of the finite group G such that 
N $(Cr). Then there exists a proper supplement U of N in G, i.e. U ^ G and 
G = N-U. 

Proposition 17 Let G he a non-trivial finite solvable group. Then $(G) is a 
proper subgroup of F(G). 

Proof of Safarevic's theorem: Let F(G) be the Fitting subgroup of G ^ {1}. 
By the two propositions above, F(G) has a proper (solvable) supplement U £ G, 
hence there exists a surjection 

F(G) xi U — » G . 

Assuming inductively (on the order of G) that U is the Galois group of a finite 
normal extension of k, we obtain the result using theorem 14. □ 

Acknowledgment: The authors want to thank B.H. Matzat for pointing out 
an error in an earlier version of this article. 
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